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INTRODUCTION

Adequate airfields can be economically constructed and maintained
on annual sea-ice fields overlying bodies of water that are sufficiently deep
to prevent grounding. An example is the airfield at McMurdo, Antarctica,
which has been used each season since Deep Freeze | (1955-56). Research
continues to increase our understanding of the properties affecting the mass
behavior of the ice sheet; it is therefore important to periodically update
operating criteria.

This report develops a new series of load-versus-ice-thickness curves
for C-121, C-130, C-124, C-141, and C-b aircraft. They are intended to
supersede the curves presented in Reference 1, which are currently used as
operational guidance criteria.

Development of operational criteria for aircraft traffic on a floating
ice sheet from analysis of the structural behavior for the various aircraft load
patterns involves bringing together three fundamentals: (1) knowledge of
those mechanical properties critical to the solution, (2) theory that will
adequately describe the load condition, and (3) a definition of the failure
criteria by which an appropriate safety factor can be included in the solution.
Any deficiency in this information must be replaced by an engineering
judgment,

The aircraft load curves developed in this report have eliminated
many of the empirical solution techniques used previously.! This has been
accomplished by application of the general classic plate theories for predicting
the elastic behavior.

CHARACTERISTICS AND STRENGTH PROPERTIES
OF MCMURDO SEA ICE

Temperature, salinity, and age each affect the bearing strength of an
ice sheet. The total combined effect of these parameters generally results
in an ice plate with strength characteristics that are nonhomogeneous in
the vertical dimension. It is not now possible to separate the three param-
eters in terms of their individual contribution to strength, and then
recombine them to define a new strength—time condition.



Fortunately, for a short-term operation such as the period between
October to February, when aircraft land ¢ n the McMurdo annual sea ice,
the only variable in strength analysis is temperature. During this short
period there is no appreciable change in ice properties from salinity varia-
tion and aging. Salinity profiles of the ice sheet taken during the operational
period were reasonably constant. The salinity profile from year to year also
varied little because the sea-ice runway for the past several years has been
located on annual ice.

Although the strength—temperature relationship of ice is fairly well
defined, mathematical structural theory for analyzing a plate with a temperature-
gradient condition is deficient. To permit the application of standard plate
theories for the analysis, the effective flexural strength during the operational
period, when there was a temperature gradient in the ice sheet, was determined
by full-scale in-situ beam tests of the ice. Tests were also performed at the end
of the warm-up season, late January to early February, when the ice sheet was
essentially isothermal. These tests provided a range of flexural strength data
that corresponds with the temperature-gradient profiles (Figure 1). These pro-
files indicate the trend of warming for the ice sheet during the operational
period. To further simplify the temperature—flexural strength relationship for
field application, the temperature at the 24-inch stratum was selected as the
correlative point. Investigation has shown that temperature measurements at
this depth in the ice sheet are reasonably insensitive to the daily fluctuation
of the air temperature, provide a clear record of the seasonal temperature
trend, and are easy to monitor. The curve in Figure 2 represents the expected
seasonal temperature at the 24-inch depth based on a three- to four-season
record. Superimposed on the same temperature curve in Figure 3 are the
allowable flexural strengths as determined from in-situ beam tests. The
allowable flexural strength indicated for each of four time—temperature
periods (discussed below) is the result of reducing the failure strength by
the percentage indicated at the bottom of Figure 3. This difference between
allowable strength and failure strength represents a safety factor incorporated
in the solution of the aircraft load curves developed later. For convenience
and simplification of the analysis, the allowable flexural strength has been
distributed along the temperature curve (Figure 3) as a step function rather
than as a continuous temperature-dependent function; the latter probably
represents the true condition. The indicated safety factor applies only to
the numerical value given for the allowable stress, which is the approximate
midperiod strength for periods 1, 2, and 3, and the extreme right-hand side
of period 4,
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Figure 1. Temperature of annual sea-ice sheet, McMurdo (near shelf end of
runway, no snow cover).

Division of the ice condition during the runway use period into four
time—temperature periods logically reflects the effect of progressive warming
and internal melting. In periods 1 and 2 (Figure 3), most of the strength
deterioration results from steepening of the temperature gradient or general
warm-up of the ice sheet. In period 4, the strength deterioration is due to a
stagnation period of an isothermal gradient at near-melting temperature.
Period 3 includes both the effect of the later phase of the general ice-sheet
warm-up and the beginning of the internal melting phase.

The elastic modulus property of the ice, which is also needed in the
elastic analysis of bearing strength, can be expected to behave in a manner
similar to the flexural strength. Since no local data is available for this pro-
perty, it is necessary to select published values primarily of arctic origin.
The literature provides values for this property of sea ice determined both
by static and dynamic experimental methods. Dynamic modulus values,
obtained seismologically (the predominant test method), are appreciably



higher than those obtained by static or deflection measurement methods.
Though both test methods have their recognized deficiencies, the dynamic
values are more widely accepted as representing the ice-sheet behavior. The
elastic modulus values selected with reference to the ice temperature periods
of Figure 3 are given in the table below, together with associated allowable
flexural-strength values.

Elastic Modulus Flexure Strength
Period {psi x 10%) (psi)
1 7 80
2 6 70
3 4 55
4 2.9 35

The influence of elastic modulus values on the numerical results of the
analysis will be discussed later. In addition to the flexural-strength and
elastic-modulus properties, Poisson’s ratio (the ratio between transverse and
longitudinal strain) is needed for analyzing the bearing strength. A value for
Poisson'’s ratio of 0.3 was assigned on the basis of reports of experiments
that indicated a variation from 0.29 to 0.33.
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Figure 2. Temperature of McMurdo annual sea ice at 24-inch depth (based
on records for at least three seasons).
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Figure 3. Ice-sheet strength versus 24-inch temperature.
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DISCUSSION OF ANALYTICAL METHOD

A floating annual ice sheet of infinite size can be analyzed by elastic
theory as a plate resting on an elastic foundation. The ice sheet has flexural
rigidity; as it deflects, there is a restoring force due to the water pressure
which is proportional to the deflection. Simplifying assumptions in the
criteria used to develop the aircraft load curves were: (1) the ice behaves
as an isotropic medium, (2) its relaxation characteristics are outside the
domain of the loading times, and (3) the moving surface loads do not create
resonance wave conditions in the plate.

The solution was based on superimposing the load effect of the
adjacent landing gear for a particular aircraft configuration on the results
produced by one main gear positioned over the zero coordinates of a
rectangular coordinate system (Figure 4). The load carried by each gear

is considered uniformly distributed over a circular area (Figures 5 through 9).

Using the equation developed by Westergaard,? the radius of the load circle
was adjusted to relate the load circle radius to the thickness of the ice plate
for all values of the radius less than 1.724 times the sheet thickness.

b, =\]1.6a2 + h? - 0.675h (1)

where b; = adjusted radius of load circle (in.)
a = original radius of load circle (in.)
h = thickness of ice sheet (in.)




For the complete mathematical
y formulation of the problem, together
with an outline of the computer solu-
tion, see Appendix A.

The fundamental differential
equations formulating the solution
were taken from ‘‘Theory of Plates
i and Shells,” by Timoshenko and

@ = radius of load circle Woinowsky-Krieger® and Wyman's
| ® 3 publication, *‘Deflection of an Infinite
l Plate.”* Wyman presented formula

referenced to Timoshenka's work,

nose wheel

main 9"' load circle giving stress and deflection formula
§§ , ® for a constant density circular load
on an infinite ice sheet supported by
= I & water. From this, a mathematical

solution was developed for the super-
position effect of the gear configuration
for C-121, C-124, C-130, C-141, and

Figure 4. Typical position of aircraft

landing gear on rectangular C-5 aircraft.

coordinate system for To begin the analysis for
superimposing stresses developing the aircraft load curves,
and deflections. the effect of one of the aircraft’s

main landing gear placed at the zero

coordinate point was analyzed for
moment and stress, using the basic equations presented by Wyman.4 For the
left-hand side of the equations to follow, the subscript r represents radial
direction, and t represents tangential direction for moment and stress condi-
tion. The expressions given in Wyman's report for bending moments are:

2
M, = -o[s’_ LB (d_W>]
dr? r \dr

2
M‘ = -D 1_(.d_vv.) + u d—
r\dr dr2

radius from load center*

where r

w = deflection of middle plane of the plate*

* From right-hand side of equation.



For tensile stress the expressions are:

(M' )max
(6,) = -6 —=2=
max h2
radius of load circle,
a=25in.
30 in, 14'--[
(s ———
523 in.
circular load ares
{spproximately to scale)
33in.:
Aircraft C-121 G Super Consteliation
- - Manufacturer Lockheed
I Empty weight 76,100 1b
338 In.
Max takeoff weight 145,000 Ib
Max landing weight 122,000 Ib
Weight on maingear 95.5%
Figure 6. Aircraft characteristics Max static wheel load 34,600 Ib
for the C-121. Tice:presore 1390 poat
Tire contact area 226 in.2
Footprint width 14.3 in.

For the assumption that maximum moment occurs at r = O (r = radial
distance from zero coordinates), then M, = M,. The stress equation when
the total load, P, is assumed distributed over the circular load areas of the ice
plate supported on an elastic foundation is represented by:

3PbD(1 + u)kei'b

(o) = (2)
e ma? Kh2Q?
where o, = 0, = max, stress
P = total load distributed over circular load area
u = Poisson’s ratio (assumed in this solution to have value 0.3)

’

= derivative of the modified Bessel function kei b, where
b = a/f, a = radius of the load circle, and £ = radius
of relative stiffness (24 = D/K)



circuler load area

f E Aircraft C-130E Hercules
60 in, Manufacturer Lockheed
s Empty weight 71,600 Ib
= Max takeoff weight 176,000 Ib
172in. —| Max landing weight 176,000 Ib
Weight on main gear 95.7%
Max static wheel load 41,900 b
Tire pressure 95 psi
Tire contact area 400 in.2
Footprint width 18.3 in.
* Assumed

Figure 6. Aircraft characteristics for the C-130.

367 in.

circular load area
{approximately to scale)

radius of load circle,
a= 10in.

(spproximately to scale)

LC-130F Hercules
Lockheed

67,200 Ib
135,000 Ib
136,000 Ib

95.7%

32,300 b

96 psi®

340 in.2

radius of load circle,

a=33in.

/

—E*'E = i Aircraft C-124C Globemaster

I o 410 in Manufacturer Douglas
Empty weight 103,000 Ib
Max takeoff weight 216,400 b
Max fanding weight 184,500 b
Weight on main gear 93.4%
Max static wheel load 60,600 Ib
Tire pressure 79 psi
Tire contact area 640 in.2
Footprint width 22.1in,

Figure 7. Aircraft characteristics for the C-124.



radius of load circle,
= 39 in.

circular load area
‘ E E (approximately to scale)

48 in.
_Y_E-E.. S E Aircraft C-141A Starlifter
1- Manufacturer Lockheed
210w, Empty weight 136,300 Ib

Max takeoff weight 316,100 b
Max landing weight 316,100 b
Weight on main gear 84.4%
Max static wheel load 37,400 Ib
Tire pressure 180 psi
Tire contact area 208 in.
Footprint width 12.6 in.

Figure 8. Aircraft characteristics for the C-141.

K = foundation modulus (for this solution, the density of
water = 0.037 Ib/in.3)
D = flexural rigidity of the plate, derived from equation

D = Eh3/12(1 - u?), where E = elastic modulus
of plate and h = thickness of plate

The superposition of the components of stress for the remaining
aircraft landing gear onto the initial stress condition produced by the gear
at the zero coordinate point was accomplished by a summation of partial
derivatives of the bending effect relative to the coordinate position of the
particular gear. If we letv; = w,/P, where w, = plate deflection produced
by any one of the off-zero coordinate landing gear, then

9% a%v; a2y

—=E—-—=E.—
] ]

ox?

The total deflection of the ice plate from loading by the aircraft was
calculated by the same general technique used for stress calculation.



92 in.

radius of load circle,
a= 67 in.

circular load area
{approximately to scale)

Aircraft C5
Manufacturer Lockheed
Empty weight 324,000 Ib
Max takeoff weight 769,000 ib
Max landing weight 635,800 Ib
Weight on main gear 88.6%

TAax static wheel load 28,400 b
Tire pressure 128-170 psi
Tire contact area not available
Footprint width not available

Figure 9. Aircraft characteristics for the C-5.

Starting with the basic deflection equation® for the r = 0 condition
for the gear at the zero coordinate location, the deflection is given by

P[1 + b ker'(b)]
nrZ K

(3)

wmax

The superimposed deflection resulting from each adjacent gear is
given by the general equation

W = ::’K [ber'(b) ker(f) - bei'(b) kei(%)] (4)

where r = radial distance between the zero coordinate gear and the
coordinate position of the gear being analyzed

The total deflection is summed by method of partial derivatives.

10



DISCUSSION OF ANALYTICAL RESULTS

The aircraft load curves presented in this report are the results of a
more comprehensive treatment of the problem than was used for the load
curves developed in Reference 1, which are currently a part of the Navy
Deep Freeze Operation Orders.* However, the differences between present
operating criteria and operating criteria suggested by the newly developed
curves are not great. The new criteria establish a better relationship between
the flexural-strength property and the transient 24-inch-depth temperature
curve of the ice sheet, and replace empirical solution techniques with a
solution based on close adherence to elastic plate th-~rv.

The in-situ beam flexural-strength studies conducted at McMurdo
assure reasonably accurate breaking strength data for ice at both the high-
and low-strength ends of the operating season in addition to some data on
the intermediate condition. Using this data, it was possible to translate the
operating season ice condition into four criteria periods, each representable
by a single load curve, as opposed to the three curve periods in the original
solution.' The allowable flexural-strength values used for the analysis are a
reduced value of flexural strength at failure by an amount ranging from 12%
to 19% as indicated in Figure 3. As can be observed from general Equation 2,
the allowable value for flexural strength has considerable effect on the solu-
tion, since it enters the equation as a first-order term in the numerator.

The flexural rigidity of a material is determined by the elastic
modulus of the material and enters into the theoretical solution as a param-
eter for deriving the bending moment. Like flexural strength, the elastic
modulus property is temperature dependent. For this analysis, as in the
preceding work,! it was necessary to substitute literature-reported modulus
values for nonexistent antarctic data. A case study was made to determine
the effect of varying modulus value on the calculated load capability
(Figure 10). From this case study, it is apparent that the influence of the
elastic modulus property is not appreciable; e.g., a 100% error in the
assigned value would alter the calculated load capacity of the ice sheet
by less than 10%. The error involved in translating arctic-obtained data to
antarctic ice conditions would probably not exceed the 10% effect on the
calculated load capacity. Support for this assumption is based on: (1) the
consistency in dynamic value of the elastic modulus property found in the
literature for a wide variation of arctic locales, (2) the fairly explicit defini-
tion of the property as related to both temperature and salinity, and (3) the
relatively narrow band of modulus variation (approximately 2.9 x 10° to
10 x 10° Ib/in.2) for a wide range of temperature and salinity.

* Task Force 43 Operation Order No. 1-67, Operation Deep Freeze 68.

1
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%

% Increass in Elastic Modulus
%

10

: - - v From Equation 2, it can be
observed that both the numerator
and denominator of the equation
have terms containing the para-
metric effect of the elastic modulus
property, which accounts for the
appreciably smaller influence it has
on the solution than is the case for
the flexural-strength property.
Each aircraft establishes an
individual load-versus-ice-thickness
curve as a result of its particular
landing gear configuration. For
this analysis the stress condition of
the ice sheet results from the local
stress produced by the gear posi-
tioned over the zero coordinate
plus the superimposed stresses
. A ; from the other load areas corre-

T TTTTY

T T TTTT

rFrrrye

0 10 20 0 40 50 sponding to the total landing gear
% Reduction in Allowable Load configuration. In general, it was
Figure 10. Effect on allowable load found that the zero coordinate gear
resulting from constant produces more than 50% of the
stress (35 psi) and total stress caused by the aircraft.

varying elastic modulus. The load curves developed for each

aircraft are shown in Figure 11,
While the C-5 has a requirement distinctly different from the other aircraft,
the close grouping of the C-121, C-130, C-124, and C-141 load curves justifies
a single curve representation to simplify use. The simplified load curves for
operational use are shown in Figure 12. Each of these curves (Figure 11)
represents the centroid of the grouping for the C-121, C-130, and C-141
aircraft. Thus, they are conservative in representing the required thickness
for the C-124 aircraft. Sacrifice in optimum operating criteria for the C-124
in favor of the other aircraft is considered justified because of its infrequent
present-day use in sea-ice operations.

By comparing this set of curves with those in Reference 1, it can be
seen that an attempt has been made to more finitely associate the operating
criteria with narrower ice temperature ranges. The result is that curve 3 in
Figure A-1 of Reference 1 has been replaced by two curves 3 and 4 to cover
essentially the same late warm season operation period. Curve 1 is identical
to the previous curve 1 regarding the load-versus-thickness requirement
except for an extended use period. Curve 2 of the new set both reduces the
thickness requirement and extends the use period.

12
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Figure 11. Load curves showing effect of landing gear configuration.

The load curves for operating the C-5 aircraft from ice runways are
given in Figure 13. The runway thickness requirement for this aircraft is
appreciably less than that for the other aircraft due to the load distribution
of its landing gear.

The deflection of the ice sheet for the various aircraft is given in
Figures 14 through 16. The curves represent the maximum deflection
caused by the superimposed effect of the landing gear for the maximum
landing weight of the aircraft.

SUMMARY

This study is a continuation of effort to apply current knowledge of
the properties of ice and current analytical techniques in redefining aircraft
operation criteria for sea-ice airfields. The analysis has been limited to the
elastic response of the ice plate, and as appropriate throughout the report,
comparison is made with the previous solution.’

13



Effective |ce Thickness, h in.)

Ice Temperature 24 in.

Period Below the Surface Month Anticipated
1 -15°C 10 -7°C October to late November
140 —— 2 -7°C to -4°C late November to mid December
3 -4°C 10 -3°C mid December to early January
4 -3°c 0 -2°C early January to February

120 )’
Y
v’wﬂ /
b il o
o ‘mﬂ‘i ud.i""
Pt

8

=
e

AN

dats compiled in January 1969

max landing weight
- C-141

C-124

L1
o
8

o 110 200 300 400
Gross Aircraft Weight, P (ib x 10°)

Figure 12. Load-versus-thickness requirements for C-130, C-121, C-124,
and C-141 aircraft operation on sea ice (McMurdo).

It is well known that ice has two modes of response, elastic and
inelastic, and that for each, the effects of temperature, salinity, thermal
history, and load history are important parameters in the failure criterion,
Unknowns in the constitutive equation for both linear (primary) and non-
linear (secondary) creep of an ice plate, coupled with inadequate theory
describing inelastic behavior of a plate supported by an elastic foundation,
preclude establishing operating criteria by analytical techniques for the
inelastic mode of response. Thus, the historical record of previous opera-
tions remains the principal source of information for evaluating long-term
load effects.

As previously stated, this analysis is limited to the elastic mode of
response to short-term loads associated with aircraft landings and takeoffs.
Extension of the load time beyond 10 to 15 seconds, which is considered
to be the time limit for purely elastic behavior of ice, introduces inelastic
behavior and the gradual invalidating of a solution based on elastic theory.



Maximum movements and stresses, however, are developed during the elastic
phase, which gradually relax with the inelastic behavior mode. Elastic
analysis provides an estimate of the maximum stress imposed by loading,
thus enabling an engineering prediction based on allowable stress below the
failure stress or first-crack development. Operation of aircraft on sea ice is
further safeguarded by the fact that in addition to criteria based on stress
levels below failure stress, the floating ice sheet can accept loads beyond
those causing the first crack. Formulas for estimating the collapse load were
presented by Meyerhof.5 His simplest formula for making a conservative
estimate of the collapse load under short-term load conditions for a central
load is:

P = oh?
where P = applied load (lb)
o = flexural strength at failure (psi)
h = thickness of the ice sheet (in.)
160
140
_ 120 o et
1 B P s
-
8 80 T
@ data compiled in January 1969 ——
2
§ | . lce Temperature 24 in. -
E - Period Below the Surface Month Anticipated
1 -16°C to -7°C October to late November 7
2 -7°C 10 -4°C late November to mid December
3 -4°C to0 -3°C mid December to early January
40 4 -3%c to0 -2°C early January to February
[}
J max landing weight 4 J
- 4 i 1 C5
20 1 1 1 |
300 400 500 600 700

Gross Aircraft Weight, P (Ib x 109

Figure 13. Load-versus-thickness requirements for C-5 aircraft operation
on sea ice {(McMurdo).
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Thickness of Ice Sheet (in.)

Thickness of lca Sheet (in.)

Thickness of Ice Sheet (in.)

c121 C-130
weight 122,000 Ib waight 175,000 Ib
100
B0
s %,
O
7 :.'l'q,
Hﬂ NN \T’w ! -
% .
40
0.2 0.4 0.8 08 10 02 0.4 0.6 0.8 10
Deflection (in.)
Figure 14. Elastic deflection of ice sheet based on maximum landing weights
of C-121 and C-130 (calendar periods shown in Figure 3).
120 T
C-124
ight 194,000 Ib

80
c-141
waight 318,000 Ib
80 2 I
0.4 08 0.8 10 08 0.8 1.0

Deflection (in.)

Figure 15. Elastic deflection of ice sheet based on maximum landing weights
of C-124 and C-141 (calendar periods shown in Figure 3).

120

cE
weight 638,000 Ib
| —

100
1.1 1.2 1.4

Deflection (in.)
Figure 16. Elastic deflection of ice sheet based on
maximum landing weight of C-5 (calen-
dar periods shown in Figure 3).

1.6
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The aircraft covered in this report comply with requirements of this
formula, provided the area loaded by the aircraft is assumed to be a circle
encompassing the main landing gear in order that the ratio of the load radius
to the relative stiffness of the ice sheet be under 0.5. This assumption is
reasonable when the spacing of the landing gear relative to the thickness of
the ice plate is considered. In other words, a constant bending movement
is assumed between the load points.

In the development of load curves, the normal idealization of elastic
theory was assumed: (1) the relation between stress and strain is linear,

(2) the principle of superposition holds, accordingly the summed stress and
strain distribution from individual loads represents the effect of a combined
load for small deflection, and (3) the ice sheet behaves as an isotropic media.
The principle of superposition was used to accommodate the aircraft load
distribution resulting from the landing gear configuration. The load from
each landing gear strut was consequently treated as a uniformly loaded
circular area, with one of the load areas in the gear configuration, for
mathematical convenience, positioned over the zero coordinate of a rec-
tangular coordinate system. The maximum confined load effect resulting
from superimposing the effect of the other load areas was assumed to occur
at the center of the zero coordinate load—it having been previously established
that the maximum was at or very near the center location.

The mechanical properties of the ice used for the load-curve develop-
ment were a combination of data derived from actual testing of the ice sheet
at the McMurdo runway site and values selected from literature on reported
testing of sea ice from arctic regions. The three mechanical properties
involved in the solution are: (1) flexural strength, (2) elastic modulus, and
(3) Poisson’s ratio. The flexural strength, which has the predominant
influence on the solution, was determined by in-situ testing of large beams
cut from the local ice sheet. Beams were tested to provide flexural-strength
data representative of the ice condition through the operating season. The
literature values assigned for the elastic modulus were those determined by
dynamic test methods with selection made on a temperature—salinity con-
dition coinciding with those for the flexural-strength data. Poisson’s ratio
was treated as a constant function with a value of 0.3. The literature
suggests it may vary from about 0.295 to about 0.333.

The load curves developed in this report provide operating criteria
that are only moderately modified from those of the previous study;! they
can therefore be confidently adopted to supersede the present operating
criteria. These latest operating criteria benefit from a better understanding
of the flexural-strength property of the ice sheet; this new knowledge permits
a more finite association of the load capability of the ice sheet with its
temperature. |n addition, the solution is based entirely on elastic plate

17
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theory, and this has eliminated the empirical method of “equivalent
single-wheel load conversion’’ used in the previous solution. This change
provides a more logical foundation for development of analytical methods
for predicting the load-behavior characteristic of a floating ice sheet.

At the present, the lack of a good definition of all the failure
mechanisms of an ice sheet precludes defining the safety factor provided
by the solution. The environmental influence on the structural characteristics
of the ice still requires on-the-spot interpretation. It is cautioned that this
second generation of load curves presented in the report should not be used
without the accompanying instructions (Appendix B) and, when necessary,
modified by qualified on-the-spot evaluation of the site condition. Though
the safety factor for the short-term load (elastic behavior mode) remains
undefined, the solution is based on flexural-strength values which have been
reduced by a factor ranging from 12% to 19% of the actual failure strength
as determined from beam tests.

To determine the safety factor, one would have to establish that the
mathematical theory accurately describes the structural behavior and defines
what constitutes failure. For example, the elastic theory stops at the threshold
of developing the first crack, but it is known from field experience that an
ice sheet can be loaded considerably beyond this point before complete
failure or collapse occurs. For the long-term load (inelastic behavior mode),
a sensible failure criterion would be to establish a limit on sheet deflection.

CONCLUSIONS

1. The operating criteria developed in this study by utilizing standard elastic
plate theory provide a better basis for future evaluation and refinement than
the empirical approach developed in the previous study.!

2. The relation between flexural strength and temperature of the McMurdo
ice sheet is better defined for this solution than for the previous solution.’

3. In the solution presented, the elastic modulus property has less direct
influence on the load capacity of the ice than the flexural-strength property.

RECOMMENDATIONS

1. The mechanical properties of ice and the constitutive equations describing
its behavior as a solid continuum should be more precisely defined. This
includes:
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a. Additional investigation into the flexural strength and elastic
modulus as related to load rate, temperature, and salinity.

b. Investigation of primary and secondary creep properties for the
development of constitutive equations to describe the inelastic
behavior.

c. Investigation of load-distribution effect on stress and deformation
for both elastic and inelastic modes of response,

2. Theories and/or solution methods that will adequately predict inelastic
behavior of a plate supported on an elastic foundation should be developed.

3. The load curves developed in this report are recommended to replace
present criteria for operating aircraft. They remain, however, only an interim
solution to the determination of the bearing capacity of the McMurdo sea ice.
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Appendix A
DEVELOPMENT OF ELASTIC THEORY ANALYSIS
by

J. S. Hopkins

MATHEMATICAL FORMULATION

The background for this program is provided by ‘‘Theory of Plates
and Shells,” by Timoshenko and Woinowsky-Krieger® (Chapter 1, Section 1;
Chapter 2, Sections 9 through 11; Chapter 3, Section 15) and the abstract
from ‘‘Deflections of an Infinite Plate,” by Max Wyman.® The Timoshenko
sections give basic plate theory, while the Wyman abstract gives stress and
deflection formulas for a constant-density circular load on an infinite ice
sheet supported by water.

In this program, which computes maximum aircraft load versus ice
thickness for given maximum stress and elastic modulus, the aircraft landing
gear is considered to be three or five circular plate loads, depending on the
type of aircraft. For this reason, the program uses rectangular coordinates.
The origin is as shown at the center of a main gear footprint. Differentiation
of the functions was facilitated by their being polynomials in even powers
of the radial distances from the centers of the circular gear footprints.

The landing gear load as shown in Figure A-1 has the origin of
coordinates at 0. The landing gear prints are approximated as circles or
disks for stress calculation. For some aircraft, such as the C-121, disks 3
and 4 would be missing. The stress per pound of load, S, is computed at
0, it having been established that O is at or very near to the maximum stress
point for the configuration. The contributions from all the disks are super-
imposed at 0. After S has been computed, the maximum allowable aircraft
weight, P, is computed from the given maximum stress a,,,, where P, =
0,,/S. 1t has been found that the stress at O is at least 98.5% of the maximum
stress. For the five aircraft types for which computations were made, the
terminology used is listed below:

stress (psi); 0,, = maximum allowable stress

stress per pound of aircraft load; i.e.,0 = SP

radius (in.) of each disk, or landing gear print; same
for all gear prints

20



= m > O

PCMG
PCTW
DH

DV

DTW

gross aircraft landing weight (Ib)

ice thickness (in.)

elastic modulus of ice (psi)

Poisson’s ratio, assumed constant at 0.3
percentage of total aircraft load on each main gear
percentage of total load on the nose gear

distance (in.) between centers of disks 1 and 2, (also
3 and 4)

distance (in.) between centers of disks 1 and 3 (also
2 and 4)

distance of nose gear from x axis (y coordinate of center
of disk 5)

0.037 Ib/cu in., the density of water under the ice sheet;
entirely analogous to the elastic constant of a solid
supporting medium (comparing Pascal’s law with Hooke's
law).

(x - ;)2 + (y-b;)? (going from rectangular to local
polar coordinate); (a;, b;) denotes gear print center—i.e.,
for disk 2, (a;, b;) would be (DH, O); r, gives the distance
out from the center of the disk.

From the above given quantities:

D =

ER_ _ ER

= flexural rigidity of plate (A-1)
12(1-47) 1092

. ’2 -, ’L = . . . 1
g = ” 0.037 radius of relative stiffness (A-2)

BMG = Jl.Saz + h? - 0.675h (A-3)

b = — (A-4)
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(nose gear)

(DH/2, DTW)

/1_
-

./“3 \%y

Figure A-1. Rectangular coordinates and landing gear positions.

Equation A-3 accounts for stress distribution effect as related to
ice-sheet thickness (dependent on ratio of radius of load circle to plate

thickness).
First computed is the stress/load contribution at O from wheel 1,
centered at 0. Omitting P from Wyman's Equation 5.2, the result is:

3(1 + u) PCMG kei’b 3.9PCMG kei’'b
wbh? wbh?

(A-5)

"

so

For the contributions at point O of the other landing gear, the
following formulas were used where subscript i denotes a single landing
gear, and the sums (8b) are for all landing gear other than wheel 1.

Following Timoshenko and Wyman, where w denotes deflection of
the ice sheet, and M, and Mv are bending moments:

v, = ClkerR; - C2keiR, (A-6)
v, 92 32
—— = Al — kerR;, - A2 — keiR, (A-7)
Ix? de? de?
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where v,
€
R;
1
c2
Al
A2

w;/P
x/?
ri/2

(PCMG/0.037 wb)ber’b
(PCMG/0.037 wb) bei’ b

C1/22
C2/22

Formulas for 32v,/dy? are similar, also for 32v;/dx dy.
For the nosewheel, PCTW replaces PCMG, and T1, T2, B1, B2 are used
instead of §1, §2, A1, A2.

a2y az"i
ax2 i 9x?
a_zv = Z azvi
ay2 i ayz
a2y a2,
axdy 7 oxady

(A-8a)

(A-8b)

To obtain the principal directions of greatest and least curvature at
point 0, Timoshenko's Equation 35 is used:

ay, =

a?
2 axi:

0.5 arctan —_CROY
92y d?y
x2  ay?

T

= + —

a2 x 2

23

(A-9)



Generalizing Timoshenko's Equations 37 and 38 results in:

2 2
_D<i_! + 0.3 2)

m, =
on? ot2

(A-10)
2 2
m, = -D 9V 4033
ot? on?

where n, t are the directions of angles a,, a5, respectively, with respect to
the x axis. Again the load, P, {(which Wyman carries) is omitted as a factor,
so that m, and M, <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>